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EXISTENCE DOMAINS OF HOLOMORPHIC FUNCTIONS
OF RESTRICTED GROWTH

M. JARNICKI AND P. PFLUG

ABSTRACT. The paper presents a large class of domains G of holomorphy in C” such
that, for any N > 0, there exists a nonextendable holomorphic function f on G with
1182 bounded where 8;(z):= min((1 + |z|?)"/?, dist(z,3G)). Any fat Reinhardt
domain of holomorphy belongs to this class.

On the other hand we characterize those Reinhardt domains of holomorphy which
are existence domains of bounded holomorphic functions.

1. Introduction. Let 8,(z):= (1 + ||z||*)"/%, z € C", where || || denotes the
Euclidean norm in C”". For every open set G C C”, put §;:= min{p, &, }, where p;
denotes the Euclidean distance to C"\ G. For N > 0, let

OM(G,8)= {f€ 0(G):[|8) - f| . < + o0}
be the space of all holomorphic functions with polynomial growth in G of degree
<N (]| |, denotes the supremum norm). Mention that 0®(G,d;) equals the
Banach algebra H*(G) of all bounded holomorphic functions in G. Set
0°9(G):= N 0™M(G,8;).
N>0

DEFINITION 1.1. G is said to be of type

(a) H* (shortly: G € H*) if G 1s an H*(G )-domain of holomorphy;

(b) 0°") (G € 0°M))if G is an 0 )-domain of holomorphy;

(c) 09 (G 0% if, for each N>0, G is an OV)(G,8;)-domain of
holomorphy;

(d) L? (G € L3)if G is an L}(G)-domain of holomorphy, where L(G):= L*(G)
N O(G); L*(G) denotes the space of all Lebesgue square integrable functions in G.

Let us recall known results.

1.2 [9]). Every domain of holomorphy G C C" is an OV)(G,§;)-domain of
holomorphy for N > 2n. If G is a bounded domain of holomorphy than the same is
true for N > n.

1.3 [10]. Every bounded and fat domain of holomorphy G C C" is of type L2 and,
consequently, it is an O"”(G, 8;)-domain of holomorphy.

1.4 [12]. Every domain G C C" which is complete w.r.t. the Carathéodory distance
¢; 1s of type H*; here we mean complete in the following sense: For any
cs-Cauchy-sequence { z”} C G thereis a point z* € G with ||z” — z*|| = 0.
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386 M. JARNICKI AND P. PFLUG

1.5 [11]. Every bounded balanced and n-circled domain G of holomorphy is
Carathéodory finitely compact (i.e. every c,-ball is a relatively compact subset of G).

1.6 [7]. Let G be a balanced n-circled domain of holomorphy. Then, for each
N >0, G is the domain of holomorphy with respect to the space OV)(G, p;;) :=
(/€ 0G):]IpY - fll. < +00).

1.7 [7,14]. Let G be a fat and n-circled domain of holomorphy. Then G € H* iff
the space E(logG) is of rational type—cf. Definitions 3.1 and 3.2. For n =2
compare also [1].

Characterizations of balanced domains of type H* were given in [14, 15]. Hartogs
domains of type H* were studied in [12, 13].

1.8 [7]. Let G be asin 1.6. Then L2(G) # {0} iff E(logG) = {0}.

The problem of continuation of holomorphic functions with polynomial growth
across thin sets is considered in the first part of §2. In the second part we study the
problem which open sets of the form G:= {z € D:u(z) < 0} are of type 0~ ?,
where D is a domain of holomorphy in C”, ¥ € PSH(D). In particular, we get (cf.
1.6): Let G be an n-circled domain of holomorphy. Then G € O~ ? iff G is fat.

In the case where G is a fat n-circled domain of holomorphy, the structures of the
spaces H*(G), 0°*)(G) and L3(G) are investigated in §3. The main results of this
section are the following two theorems.

THEOREM (CF. 1.7). Let G C C" be an n-circled domain of holomorphy. Then the
following conditions are equivalent:
(i) G € H*;
(i) G € 0O,
(iii) G is fat and the space E(log G) is of rational type.

THEOREM (CF. 1.8). Let G C C" be a fat n-circled domain of holomorphy. Then the

following conditions are equivalent:
(i) L;(G) # {0);

(ii) E(logG) = {0}

(iii) G € L3

In §3, we also present an explicit construction of the H*-envelope of holomorphy
of G. .

The paper was started during the stay of the first author at the University o
Osnabrick, (May 1985) and finished during the stay of the second author at
Jagellonian University, Krakow (January-February 1986). We would like to express
our gratitude to those universities for their hospitality.

2. Domains of type O~ %, We shali need the following slightly generalized version
of the Riemann Removable Singularity Theorem—cf. [5, Chapter I, §C, Theorem 3].

THEOREM 2.1. Let M be a thin subset of a domain G C C" and let f € O(G\ M)
satisfy the following condition: for every a € G there exist a neighborhood U, C G and
constants 0 < N, < 1, ¢, > 0 such that

[dist(z, M)] ™ - f(2)|< ¢,,, z€UN\M.
Then [ extends holomorphically to G.
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The proof is analogous with the proof of the standard version of this theorem.
As a direct consequence of Theorem 2.1 we have

COROLLARY 2.2. Let M be a closed thin subset of a domain G C C". Then, for every
0 <N <1:0M(G\ M, y) € OG).

REMARK 2.3. In the case N = 0 we have H®(G\ M) = H*(G). The case 0 < N
<1 is different: functions from O (G\ M, 8, ») need not be extendable to
functions with polynomial growth in G. For example:

Let G:= {z € C:0 < |z| <1}, f(z):= exp(1/z), z € G. It is clear that for every
N > 0, sup;{8L - |f|} = + oo, but one can easily construct a discrete set M C G
such that f € OCY)(G\ M).

The following notation will be useful in the sequel because of Theorem 2.1.

DEFINITION 2.4. Let G be an open subset of C". We denote by G* the set of all
points a € C" for which there exist an open neighborhood U, and a thin set
M, c U, such that U\ M, C G.

From the above definition we immediately obtain

LEMMA 2.5. (a) The set G* is open and G C G* C intG.
(b) The set G* \ G is thin and

G*\G = {a€dG: 3U,: (0G) N U, is thinin U, }.

©) (G, N Gy)* = G} N G}, G, G, € topC™.

(d) (G, X Gy)* = G¥ X G, G, etopC™, j=1,2.

(e) If S is a connected component of G, then S* is a connected component of G*.
(f) If F: C" = C" is biholomorphic, then F(G)* = F(G*), G € top C".

In particular, if G is circled (resp. n-circled, balanced, starlike) then G* has the
same property.
For A c C”, let

logAd:= {x=(xp,...,x,) ER" e*:1= (eM,...,e*) € 4}

be the logarithmic image of 4.

REMARK 2.6. Let G be an n-circled domain. Assume that the set log G is convex
(e.g. G is a domain of holomorphy). Then logG = int(logG) = logint G, hence
(intG)\Gc {z=(z,...,2,) €C" z, - --- -z, = 0} and therefore G* = intG.

In view of Lemma 2.5(b) and Remark 2.6, Corollary 2.2 implies the following;:

COROLLARY 2.7. Forevery 0 < N < 1:

(a) OM)(G,8;) C O(G*).

(b) If G is an ON)(G, 8)-domain of holomorphy then G = G*.

(¢) If G is an n-circled O'"N)(G, 8)-domain of holomorphy then G is fat.

ExaMpLE 2.8. The condition G = G* is only necessary for G to be an
O0'N)(G, 8;)-domain of holomorphy with 0 < N < 1. For example:
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Fix § < r <1 and let C, denote the generalized Cantor set obtained by removing
r’s,1.e.

x 2k
C,= 1%, where I'®) = |JI®),
k=1 j=1
[ 1—r 1—r
=0 1 == 15 A,

10— 0,(1;)2], 12(2)=[1;r _(17)2’1;}

- _ 2 _ 2
13(2)= 1+r’1+r+(1 r)]’ 1}2)=[1_(1 r),l],...,etC.

2 2 2 2
Let K,:= C, X C,, G,:= B;,o \ K,,where B.:= {z€ C: |z] <71}, 7> 0.
It is clear that (G,)* = G,. We shall show that, if
1-r\'"" 1
(2.1) ( 3 ) <7
then O'N(G,,8; ) € O(B).
Fix N with (2.1) and let f € O™V)(G,, §; ). Set

f(z) = ﬁfa% Sf(f) d{,  z€ By,

It suffices to prove that
(2.2) f=/f 1in By\K,.
Let x(* denote the middle point of /%),

’_l 1—r)k+i(l—r)k_1
N i\ 72 ’

. k
Sj(k’.= [x;k’ - tk,xj( ) 4+ tk],

and let

2/(
A(,-l,(} = Si(k) X Sj(k), AK) = . U IA("I'(/)"
)=
Observe that
AN AR =3, (i,))* (")),
(2.3) AR c AR K = ﬁ A
k=1
By the Cauchy integral formula we get f(z) = f(z) +g,(2), z € By, \ A%, where
k
_ 1 5 (5 *)
g (z):= “ 5 1 ,Z=1 v/e;A(f_; = d¢. z € By \ AN,
Fix z, € Bgy \ A%). For k > k, we have
4(4)N ||8(’;"f||oc { (]_r)l—N]k—l
(zp)| < == 4 -0 ask > +oo.
|84(20) 7\ ] dist(z,, A%0) 2
Consequently, in view of (2.3), we get (2.2).
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REMARK 2.9. It is known (cf. [4]) that, for 0 < r < %, the domain G, is of type H*.
One can prove that H*(G, ,,) = H*(B,y) (cf. [4]). The problem whether G, , €
0> 9 is still open. More generally, one can ask for characterizing the removable
singularity sets for O, 0> 9 and 0©%).

In view of Corollary 2.7(a), we introduce the following notion.

DEFINITION 2.10. Set

0M(G*,8,):= 0(G*) N 0™M(G,8;), N>0.

REMARK 2.11. (a) The space OV)(G*, ;) endowed with the seminorms
OM(G*,85) 3 [~ [85f ... 0™(G*,85) = f~ suwplfl, K& G,
K

is a complex Fréchet space.

(b) If 0 < N < 1, then in view of Corollary 2.7(a), by the open mapping theorem,
the space O'V)(G*, §;;) is algebraically and topologically isomorphic to OY)(G, 8).

DEFINITION 2.12. We say that G is of type 0©"(G € 0©), if for each N > 0,
G* is an O'M)(G*, §;)-domain of holomorphy.

In the second part of this section we study open sets of the form G = {z €
D:u(z) < 0}, where D is a domain of holomorphy in C", u € PSH(D).

2.13. Observe that G* N D = G. In particular, if D = D* (e.g. D € 0> ?), then
G = G*.

Let us consider the following classes of plurisubharmonic functions.

DEFINITION 2.14. For N > 0, let 2V¥)(D) denote the set of all functions u €
PSH(D) such that there exist (£,)°, C O(D), (k,)>_; € R ., for which

(2.4) k,—>0 asv > +o0;
(2.5) (limsupk,, - In| £, |)* >u in D,
vo 4 oo
where “*” denotes the upper regularization,
(2.6) 81, 1<1 »v>1, (G={u<0},G dependson u!).
Set

RO(D):= () 2M(D).

N>0
DEFINITION 2.15. Let &(D) denote the set of all functions u € PSH(D) for which
there exist ®, € O(D), &, # 0, k € N, ®,,..., ®,-nonzero rational functions holo-

morphicin D and «a,...,a, > 0 such that
u=a, In|®|+ -+ +a, In|®,|.
THEOREM 2.16. &(D) C 2°Y)(D).

PrOOF. Fix u € &(D) and let @,...,dD,, a,...,a, be as in Definition 2.15. We
can assume that a, = 1. Let P,, ..., P,, be complex polynomials such that

@ =P/P PHj(z)a&O, z€D, j=1,...,k.



390 M. JARNICKI AND P. PFLUG

Let R:= P, --- P,,, d:= degR. Fix N > 0 and let € > 0 be such that 3de < N.
By the Kronecker theorem [2, Chapter VII, Proposition 2 (see also [3]) there exist
sequences (p;, ). C N, j=1,...,k,(q,)7> € Nsuch that

(2.7) g, +oo asv— +oo,
(2.8) lp, — aq,|<e, v>1,j=1,... k.
Set

g, = (I)g» . (I)f’n Ce q)fkv’ v > 1.
In view of (2.7) and (2.8) we have

lim g—-lnlg,,|= u in D.

v—>+oo ¢,
We shall show that there exists a constant ¢ > 0 such that
(2.9) 82 -lgl<e, v>1.
Observe that, if (2.9) holds, then the sequences (g,/c)%;, (1/9,)%, satisfy all the

v=1»

conditions of Definition 2.14 and, consequently, u € ZV)(D).
The proof of (2.9) is based on the following lemma.

Lemma 2.17 [8, Proposition 1]. Letr R be a nonzero complex polynomial of
n-complex variables, d:= deg R. Then, for every p > 0, there exists a constant
¢(R, p) > 0 such that for every G € top C" and for every plurisubharmonic function
¢: G- R:

867 @]l < c(Ron) 188 R - @l

For the proof of this lemma see the Appendix.

According to the lemma it is sufficient to show that there exists a constant ¢4 > 0
such that

(2.10) 827 |R|-|Hg,| < ¢, inG,»>1.
The set G\ u~!(-c0) is dense in G, so it is enough to prove that (2.10) holds true in
G\ ul(-o0).

Fix a € G with u(a) > —oo0 and let
Ji={je {1.....2k}: [P(a)|> 1}, I:={1,....2k}\J.

In view of (2.8) one gets
k

lg.(a)|
lg,(a)|< oplaa(@)] j:l_[l |®,(a)

3

Pjv— %4y

I_IjeJP/(a)
I,c,P(a)
where[1,., --- := 1. Consequently,

824(a) -|R(a)|-1g,(a)| " <|8¢(a) 117

where ¢;:= max{1, 85" - PJ|.}, j=1,....k. QED.

X L} V>1$

2
< (Cl ck)z’
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THEOREM 2.18. Let u € #N)(D). Assume that either D* is an O'™)(D*,8)-
domain of holomorphy (e.g. D € 0©") or G C D*.

(a) If G = G* then G is an OV)(G, 8;)-domain of holomorphy.

(b) If 0 < N < 1 then G* is an O'N)(G*, 8;)-domain of holomorphy.

PrOOF. The assertions (a) and (b) will be proved simultaneously. Assume that
either G = G* or 0 < N < 1 and suppose that G* is not an O‘V)(G*, §;)-domain of
holomorphy. Let G, G be domains in C” such that
(2.11)

@ +G,cG*NG, Gz G* Yfe 0™M(G*8;)3f€ 0(G): f=finG,.

If D* is an O"N)(D*,8,)-domain of holomorphy then obviously G c D*. If
G C D*, then, without loss of generality, we may assume that G C D*. By the open
mapping theorem, in view of Remark 2.11(b), for every a € G there exists c(a) > 0
such that

(2.12) |/(a)| < c(a)|8df ., FE OM(G*,5).
Let (f,)%,, (k,), be as in Definition 2.14. If 0 < N < 1, then in view of (2.6)

v=1 v=1

and Corollary 2.7(a), we can assume that f, € OV)(G*,8;), v > 1. By (2.12) we get

(2.13) |/, (a)|<c(a), w»x1.

The set D*\ D is thin, hence the set G N D= G\ (D*\ D) is connected and
therefore f,, =f, in G N D, v > 1. Hence, according to (2.13),

lf.(a)|<c(a), w»>=1,aeGND.

Then, in view of (2.4) and (2.5): u < 0in G N D, which (by the maximum principle)
implies that G N D C G. Finally G C G* which contradicts (2.11). Q.E.D.
Theorems 2.16 and 2.18 imply the following:

COROLLARY 2.19. Let u € #°*)(D) (e.g. u € &(D)). Assume that either D €
0©or G © D*. Then

(a) G € 0",

In particular:

(b) G € 0V iff G = G*.

() D 0”V= Ge 09 (c¢f.2.13).

ExaMpLE 2.20. Let P,,..., P,, be nonzero complex polynomials such that the
polynomials Q:= P, --- P,, R:= P, --- P,, have no common factor and let
a,,...,o, > 0. Define

V={R=0}, DeC"\V (notethat D* =C"),

®=P/P.,, j=1,....k, u=an|® |+ - +a,ln|®,],

G={zeD:u(z)<0}.

Then G = G* and so, by Corollary 2.19(b), we have G € 0> .
It seems to be interesting that, in some cases, the condition u € Z")(D) is also
necessary for G to be an O‘V)(G, 8)-domain of holomorphy, namely:
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Let 5#(C") denote the set of all plurisubharmonic functions h: C* - R, h # 0,
such that A(Az) = |A|- h(z), z € C", A € C.

It is known that a domain G ¢ C” is a balanced domain of holomorphy iff there
exists h € #(C") such that G = G,:= {h < 1} (cf. [13, 14]). Note that (G,)* = G,
(cf. 2.13).

PROPOSITION 2.21. Let h € #(C"), G:= G,, N = 0. Then the following conditions
are equivalent:
(i) G is an O'N)(G, 8;)-domain of holomorphy;
(i) Inh € ZM(C"):
(111) there exists a sequence (Q )72, of homogeneous polynomials such that

*
(2.14) limsup|Qj|1/degQ’ =h inC",
Jj— +oc
(2.15) 8 -10;l<1,  j=1.

In the case N = 0, the above result reduces to the known characterization of
balanced domains of type H*—cf. [14, Theorem 3.1].

PROOF. The implication (iii) = (ii) is obvious. The implication (ii) = (i) follows
from Theorem 2.18. It remains to prove that (i) = (iii). Let f € O'V)(G, ;) be a
nonextendable function with ||8Yf|, < 1. Let = %_0Q; denote the expansion of f
into the series of homogeneous polynomials. Since f is noncontinuable we get (2.14).
In view of the Cauchy inequalities we have

10,(z)| < max{8;"(Az): A\ =1}, z€G,j>1.

Since G is balanced, so 8;(Az) = 8;(z), z € G, |A\| = 1 and hence we have (2.15).
REMARK. It is not known whether every balanced domain of holomorphy is of
type O~ 9—cf. [15, §5].
Using analogous methods as before one can prove the following result.

PROPOSITION 2.22. Let v € PSH(D) and let
Q:= {(z,w) € D x C: v(z) + In|w| < 0}.

Fix N > 0. Assume that Q@ = Q* and suppose that either D* is an O'N)(D*,8,)-
domain of holomorphy of @ C D* X C. Then the following conditions are equivalent:
(i) Q is an O™N)(Q, 8q)-domain of holomorphy;
(ii) v + Injw| € Z¥(D X C);
(iii) there exists a sequence (F;)7, C O(D) such that

1 *
(limsup71n|Fj|) =v inD,

jo o

8€(z,w)|ﬁ(z)wf|<1, (z,0)€Q, j>1.

Note that in the case D = C", N = 0, the above result generalizes Proposition
2.14 from [13]; compare also [12].
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REMARK. It would be interesting to know whether Sibony’s main example in [12] is
of type O~ 9 —cf. [7, §2].
Theorem 2.18 and Corollary 2.19 can be easily extended to the following theorem.

THEOREM 2.18'. Let u € PSH(D) be such that u = (sup, o yu;)*, where (u;);c; C
RNY(D). Assume that D* is an O'N)(D*,8))-domain of holomorphy.

(a) If G = G* then G is an O'N)(G, 8)-domain of holomorphy.

(b) If 0 < N < 1 then G* is an O'N)(G*, 8;)-domain of holomorphy.

COROLLARY 2.19". Let u = (sup, o, u,)*, where (4,),c; C Z° (D) (e.g. (4,);c;
C &(D)). Assume that D € 0. Then

(a) G € 0,

(b) Ge 0V iff G = G*;

()D€ 09> Ge 0”0,

REMARK 2.23. Let A € »#(C"). Then the following conditions are equivalent:
(1) In h = (sup, <, u;)*, where (u,),c; € £(C");

(ii) h = h:= [sup{p € S(C"): ¢ < h}]*,
where S(C"):= {p € #(C"): Ingp € &(C")}; note that, for a function ¢ € #(C"),
Inp € &£(C") if and only if there exists kK € N, Q,,..., Q,-homogeneous polynomi-
als, ay,...,a;, > 0 such that a;degQ, + -+ +a,degQ, =1 and ¢ =|Q,|* ---
Q1™

(ii)) G, = IntNg ¢ gy p < 1T

The following two results (Theorems 2.24 and 2.28) are useful to construct new
domains of type 0> 9.

THEOREM 2.24. Assume that D € 0. Let Q be an m-circled domain in C™ such
that log Q is convex. Let F\,..., F,_, be nonzero rational functions of n-complex
variables, holomorphic in D, and let F, € O(D), F,,#0. Set F:= (F,,..., F,):
D — C™ G:= F Q). Then G € 0. In particular, G € 0> ? iff G = G*.

ProOF. Fix N > 0. Suppose that G* is not an ON)(G*,8;)-domain of holo-
morphy and let G,, G be as in the proof of Theorem 2.18. Let

M:= (D*\D)U{z € D: F(z)--- F,(z)=0}.
The set M is thin, so there exists a € G\ (G U M). The point F(a) belongs to

C™\ , so in view of the convexity of logQ, there exist 8 = (B,,...,8,) € (R™),
and ¢ > 0 such that

B
QC91:={|w1| e lw

]

r<e). Fa) e,
Let J:= {j€{1,...,m}:B, < 0}. Put

V= {z e p: [1F(z)= 0}, D,:= D\ V;

JjEJ

u:=B;-In|F |+ --- +B, In|F,|— Inc.

Note that (D,)* = D*, u € &(D,), G,:= {z € D: u(z) < 0} = F~Y(Q,).
In view of Corollary 2.19, G, € 0" and hence G C (G,)*, so a € (G,)* N D,

= @G,, which is a contradiction.
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COROLLARY 2.25. Let G be an n-circled domain such that logG is convex. Then
G € 0%, In particular, G € 0> if and only if G is fat (Corollary 2.7(c)).

Corollary 2.25 generalizes Theorem 1 from [7].

COROLLARY 2.26. Let D,Q, F,G be as in Theorem 2.24. Assume additionally that
D € 09 and that Q is balanced. Then G € 0¢> 9,

ExaMpLE 2.27. Let D, F be as in Theorem 2.24. Put

Bjm

<1),

m

AR
- {ZGD= IR |F
j=1
where 8, >0, j=1,...,p,k=1,...,m.Then D € 00 = Ge >0,
For a polynomial automorphism ®: C" — C” the following inequality is well
known:

lzl<a(t +12()]°)  («B>0).
Using this information one has for a domain G ¢ C”:
(84,(0) . CD)k <c¢-8; (c,k constants, independent of G).
From that the following theorem follows.

THEOREM 2.28. Let F: C" = C" be a polynomial automorphism. Then, for every
G € topC™:

(a) G € OCM) iff F(G) € 0.

(b) G € O iff F(G) e 09,

3. n-circled domains of of type H*, 0°*), L2. Let G C C" be a connected fat and
n-circled domain of holomorphy. We shall study relations between geometrical
properties of the domain log G and structures of the spaces H*(G), 0©*)(G) and
L:(G).

DEeFINITION 3.1 (CF. [7]). For a convex domain X C R”, let E( X) denote a vector
subspace of R” such that

(@) X+ E(X) =X,

(b) if F is a vector subspace of R” such that X + F = X then dim F < dim E(X).

One can easily prove that the space E(X) is uniquely determined and, if F is as in
(b), then FC E(X). Let ( , ) denote the standard scalar product in R", ie.
(X y) =X+ o XY X = (Xpaee s X,), ¥ = Dy ) E R

It is clear that, for every convex domain X ¢ R”, there exist 4 C (R"), and a
family of points { x*}, . 4 such that

(3.1) X=int () H,,

a€A
where H, = {x € R" (x — x% a) < 0}.If X is as in (3.1), then one gets
E(X)={veR:Vac<A:(v,a)=0}.
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In particular, if

(3.2) G=int () G,

a€A
where G,:= {z = (z},...,2,) € C": |z;|™ -+ |z,|* < c,}, then
E(logG) = {v:Va € A: (v,a) =0} (cf. Example 1 in [7]).

It is well known that every fat n-circled domain of holomorphy G C C” can be
written in the form (3.2).

DEFINITION 3.2 (CF. [7, DEFINITION 2]). A vector subspace £ C R” is said to be of
rational type if E is generated by £ N Q.

Notice that in concrete situations the condition “E is of rational type” can be
effectively verified—cf. [7, Example 2].

Lemmas 4, 5 from [7] imply

LEMMA 3.3. The following conditions are equivalent:

(1) E is of rational type;

(ii) E * is of rational type, where E * denotes the orthogonal complement of E w.r.t.
the scalar product { -, *);

(iii) dim[ E * N Q"]+ = dim E, where [ A] denotes the vector subspace of R" gener-
ated by A.

By the methods as in the proof of Theorem 2 in [7] we can receive the following
result.

PROPOSITION 3.4. Let X ¢ R" be a convex domain, then the following conditions are
equivalent:

(1) E(X) is of rational type;

(i1) X = intN  4H,, where A C (Z"), (cf. (3.1));

(iii) For every x° & X there exists a basis o, ...,a" of E(X)* —r:= codim E(X)
—consisting of vectors of 1" such that X € (V_ {x: (x — x%a’/) < 0}.

DEFINITION 3.5. Let X be a convex domain in R". Put D(X):= {z = (z,...,z,)

€ (Cy)": logz:= (In|z),...,In|z,)) € X}, exp X:= inte~clc.D(X).
In view of Remark 2.6, one can prove the following lemma.

LeEMMA 3.6. (a) X = log D(X) = logexp X.

(b) exp X = D(X)*.

(c) exp X is a fat n-circled domain of holomorphy.

(d) If G C C" is a fat n-circled domain of holomorphy then G = explogG.

DEFINITION 3.7. For a convex domain X C R” let

K(X)=X+[E(X)" nQ"]", K,,.(X)= K (K,(X)), j

V
—

Put

K(xX)= UK,(X), M(X)=E(K(X)).
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REMARK 3.8. In view of Lemma 3.3 we have

(a) E(X) is of rational type iff K,(X) = X.

(b) If X ¢ R then there exists ¢ < codim E( X) such that K(X) = K (X).

(c) M(X) is of rational type and K(X) = X + M(X).

(d) K(X) = intNY, where the intersection is taken over all convex domains
Y € R" such that X € Y and E(Y) is of rational type.

The spaces H*(G) and O°*)(G) are characterized by the following result.

THEOREM 3.9. Let G C C" be an n-circled domain of holomorphy. Then the
following conditions are equivalent:
(1) G € H;
(i) G € 0,
(1) G is fat and the space E(log G) is of rational type;
(iv) G = intN,_ . 4,G,; where A C Z" (cf. (3.2)).

Theorem 3.9 implies Theorem 2 in [7}, and Theorem 7.1 and Corollary in §7 of
[14].

PROOF. In the case when G is balanced, the proof of (i) < (iil) was given in [7,
Theorem 2]. The same method of the proof can be applied to the general case
—cf. [14, Corollary in §7]. In view of Proposition 3.4, one has: (iii) & (iv). It
remains to show that (ii) = (ii1). By Corollary 2.7(c), G is fat. Put X:= logG, F:=
[E(X)* NQ"]* and suppose that E( X) is not of rational type. Then, according to
Lemma 3.3, it is clear that

(3.3) dim F > dim E(X).
Let f € O°)(G) be a nonextendable function and let
(3.4) Y a,z’

vez”

be the n-fold Laurent series expansion of f. We shall show that
(3.5) a,=0, veE(X)" .
Suppose for a moment that (3.5) holds true. Then for x € X, v € F we get

Yoale)' = X al(er).

velZ” veE(X)*NZ"

v

Consequently, the series (3.4) is convergent in the domain D(K,(X)). Since the
function f is not continuable, K,(X)C X. Thus X + F C X which contradicts
(3.3).

We pass to the proof of (3.5). Fix » € E(X)* and let w € E(X) be such that
(w,») >0, ||w||=1. Fix 0 < N < (w,») and x° € X. Set x(t):= e* ™, t€R.
Since x° + rw € X, t € R, the Cauchy inequalities imply

la, < [sup{| /(21020 |zl = x,(0). = 1o }] - [x(0)]
<188 .. - {82 (x(1)) - [x(0)]")
< c[8,(x(1)) - exp(t/N - {w,»))]™", 1R,
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where ¢ > 0 is a constant independent of z. Put

M = sup{8;(x(t)) - exp((t/N){w,»)): t € R}.
In order to show that a, = 0 it is enough to prove that M = + oo. Suppose that
M < +o00 and let

T:= {t>0: ps(x(1)) > 8(x(1))}.
If t € T then
exp(%(w,v>)+ -21 exp[2(x})+twj— —(w, v>)] 2y IS T.
j=
Consequently the set T is bounded, that is there exists a ¢, > 0 such that
86(x(1)) = ps(x(2)), 121
Let
d:= dist(x° + Rw,0X) = dist(x°,0X).
Fixt€ Randlet z = (z,,...,2,) € 0G, z; - -+ z, # 0 be such that
pe(x(1)) >3z — x(2)].
We can write logz = x° + tw + u with u € R”, ||u|]| > d. Let j = j(t) be such that
lu;| > d/ Vn . Itis seen that
pe(x(1)) = %]z, — x,(1)|> %exp(xj(-’ + twj)|e“f -1|> dOexp(xj‘.) + twj),

where d,, > 0 is a constant independent of ¢. Let jO € {1,..., n} be such that there
exists a sequence (#,)7_, with 1, > t,, j(t,) =Jjo, k> 1, 1, > +co. Then

+o0 > M > pe(x(1,)) - exp((t,/N){w, 7))
>d,- exp(xj‘.:, + 1w, +(1,/N ) w, ) > +oo ask > +oo.

This contradiction proves M = co.

REMARK. In view of 1.5 one can formulate the following question—cf. [15, §5].
Let G = G, be a bounded balanced domain of holomorphy such that 4 is continu-
ous (cf. §2). Does this imply that G is Carathéodory finitely compact? (It is known
that the continuity of 4 is necessary.)

REMARK 3.10. In view of the Banach theorem, either H*(G)= 0C*)(G) or
H®(G) is of the first Baire category in 0C*)(G).

PROPOSITION 3.11. Let G & C" be an n-circled domain of type H*. Then H *(G) g
OC")N(G) (cf. the tmphcatzon (ii) = (i) in Theorem 3.9 and Remark 3.10).

PrROOF. In view of the implication (i) = (iv) in Theorem 3.9 there exists an
a € (Z™)y such that G c G,, G N 3G, N (Cy)" # @. Fix a = (ay,...,a,) € 3G
N 0G,, a, --- a, # 0. It suffices to show that there exists an f € 0®*)(G,) such
that lim, _, , f(z) = oo. The result is a direct consequence of the following lemma.

LEMMA 3.12. Let L, M be two nonzero complex polynomials of n-complex variables
with deg L + deg M > 1. Set

Q:= {z eC" |L(z)|<|M(z)|}
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Then for every a € (0Q)\ M ~1(0) there exists f € OC*)(Q) such that lim_ _, , f(z) =
0. In particular H*(Q) ¢ 0" )(Q) (cf. Remark 3.10).

Notice that € € H® provided L, M have no common factor.
PROOF. Let

@(N):=Logl/(1-X), AeD:={AeC:|A|<1}.
Observe that lim, _,; ¢(A) = oo and

(3.6) for every ¢ >0 the function (1 — A)|g|'/¢ is bounded in D. Fix a €
(02)\ M }(0) and let A ,:= M(a)/L(a). Define

f(2) =X~ L(z2)/M(2)), z€Q.

It is clear that lim, _, , f(z) = co. It remains to show that f € 0°*)(G). Fix N > 0.
Set R:= M — AL, d:= degR, d,:= degM, ¢:= N/d + d,,. In view of (3.6), there
exists a constant ¢ > 0 such that

L L\|Y
= ae-|M1-[1 = Aoz o[ Nogg

Hence, by Lemma 2.17, f € OM)(£, 8,).

1/¢

55| R|-| /] < s M.

THEOREM 3.13. Let G be an n-circled domain such that X := log G is convex. Then
the domain exp K (log G) is the H*-envelope of holomorphy of G. In particular:

(a) H*(G) = C iff K(logG) = R".

(b) For every f € H*(G), the Laurent series of f is of the form ¥, c py x): ~70,2"
(cf. the proof of the implication (ii) = (iii) in Theorem 3.9).

PROOF. Put G:= exp K(X). In view of Lemma 3.6(a) and Remark 3.8(c), Gisa
fat n-circled domain such that the space E(logG)= M(X) is of rational type.
Hence, according to Theorem 3.9, G is the domain of existence of a bounded
holomorphic function. It remains to show that H*(G) € O(G). In view of Lemma
3.6(b) and Corollary 2.7(a), it suffices to prove that H*(G) ¢ H*(D(K(X))). As in
the proof of the implication (ii) = (iii) in Theorem 3.9, one can prove that for every
f & H*(G),

fa)= X a7,
veE(X)*NZ"
thus f extends holomorphically to a function from O(D(K,(X))). Hence H*(G) C
H>*(D(K,(X))). Now our arguments can be repeated and they prove that H*(G) C
H>*(D(K,(X)))). After a finite number of steps we get the result.

Let G ¢ C" be an n-circled domain of type H*. Put X:= logG, r:= codim E(X)
and assume that » < n — 1. In view of Theorem 1, Chapter VII from [2], there exists
a basis a',...,a" of E(X)* consisting of vectors from Z" such that

(3.7) E(X)*NZ"=1Zd" + --- +Za".
Let L: R" = R’ be a linear mapping given by the formula
L(x)=(<x.a1>,...,<x,a’>), x € R™.

Observe that L| . y,. is an isomorphism of E(X)* onto R".
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Let Y:= L(X). Itis easily seen that Y is a convex domain such that E(Y) = {0}.
Put Q:= expY; € is an r-circled domain of type H* (Theorem 3.9). Let ® =
(®),...,®,): (C,)" = (C,)" be given by the formula ®,(z) =z, j=1,...,r. We
shall show that

(3.8) ®(D(X)) = D(Y).

Note that log®(D(X)) = L(X) =Y = log D(Y). Now it suffices to show that the
set ®(D(X)) is r-circled. Fix z € D(X), 6 € R'. In view of surjectivity of L, there
exists 7 € R” such that L(n) = . Then

Qj(e‘"'zl,...,e‘""zn) = ei(mal) g = eioffbj(z), j=1,...,r,

and therefore (¢/4®,(z2),...,e"%®,(2)) € ®(D(X)).

Because of (3.8), the operator T: H*(D(Y)) » H*(D(X)) given by the formula
To =@po®, ¢ H°(D(Y)) is a well-defined isometry of H*®(D(Y)) into
H*(D(X)). We shall show that, in fact, T is an isomorphism. Fix f=Y, _,a,z" €
H*®(D(X)). Then, in view of (3.7),

f(Z)= Z a,z’ = Z aV(B)(z"‘l)B‘ ...(Z“')ﬁ"

veE(X)tNZ" BeZ’
where »(8):= B,a' + --- +B.a". Define
1 r

e(A) = Y ay(ﬁ))\’g, Ae D(Y).
BEZ
By dint of (3.8), ¢ is well defined and ||@||., = || f||- It is clear that Tp = f.
In view of Corollary 2.7(a) and Lemma 3.6(b), (d), the operator T extends
uniquely to an isometrical isomorphism of H*({) onto H*(G).
Thus we have proved the following

THEOREM 3.14. Let G ¢ C" be an n-circled domain of type H*® such that
r:= codim E(log G) < n — 1. Then there exists an r-circled domain @ of type H®
with E(logQ) = {0} such that the spaces H*() and H>™(G) are isometrically
isomorphic.

REMARK 3.15. Let G be as in Theorem 3.14 and let ¢, denote the Carathéodory
pseudodistance on G. Define for x, y € G: x ~ y iff c¢;(x, y) = 0. Then Theorem
3.14 gives a complex structure of [G N (Cy)"]/ ~ .

EXAMPLE 3.16. Let G:= {z € C*: |z;|® - |z5] < 1,]z,]? - |z5] < 1}. Following the
proof of Theorem 3.14 one gets

E(X)"=R(2,0,1) + R(0,2,1) =:Rs' + R»?,
E(X)"nZ*=7Z-(1,1,1) +Z-(1,-1,0) =:Za' + Za?
and therefore one has

Q={Ne CHAN|< L[N/, < 1} and ®(z)=(z, 2, 23,2,/2,).
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Observe that G is balanced but Q is not. According to this example one can pose the
following question: Are there a balanced 2-circled domain of holomorphy £ c C?
and &', &* € (Z,)3, such that

(3.9) E(logQ) = {0},

(3.10) ®(G)cd  (8(2) = (:,2%))
and the mapping

(3.11) H*(Q)> f— fod € H*(G) is surjective.

In order to give the negative answer let us assume that Q, &', a> are as above.

By (3.9) and (3.10) one gets &', @* € [E(X)]*. Since z{z;, z3z;, z,2,2; belong to
H>(G), by (3.11), we have o', »', v> € Z, & + Z,- &. Then calculation gives
ol € Z,-v' + Z - v? which is impossible. We would like to thank S. Cynk (Jagel-
lonian University) for suggesting this kind of example.

We shall show how the domain K(logG) can be effectively calculated in the case
when G is a finite intersection of elementary n-circled domains.

Let us start with a lemma we will need in the proof of Proposition 3.18.

LEMMA 3.17. Let X,,..., Xy be open half-spaces in R" and let o/ L 90X, a’ € (R"),
(j=0,....,N)withr:= rank(c',...,a") and @ # X, N --- N Xy C X,. Then there
exists 1 < iy < --- <i,< N such that

r=rank(a",...,a") and X, N ---NX, CX,.

For convenience a proof will be given in the Appendix.

Let G= G, N --- NGy, where G, = {z: |z,|* -+ |2, < ¢;}, &/ = (&f,..., ]
€ R")4, ¢;>0,j=1,...,N.

Put X:= logG, r:= rank[a!,... a"],
Ji={I={(iy,....i,): 1<i, < -+ <i < N,rank[a",... . a"]=r},
A;=Z2"N(R,a" + .-+ +R_ a"),
M= {v:Va € A4;: (v,ay=0}, I=(iy,...,i,)€J,

M= (M,
res

PROPOSITION 3.18. With the notation above, we have M( X)) = M and, consequently,
K(X)= X+ M. In particular

H*(G)=C iff foreveryl €J: A, = {0} (cf. Theorem 3.13(a)).
PROOF. Let Xj:= long, j=1,..,N,

X= NX,. I=(0.....i) el
k=1

For every I = (iy,...,i,) € J, there exists a point x’ € R" such that X, = {x:
(x — x"a*y <0}, k=1,...,r.
Define
Y,=int (| {x:{x-x"a)<0}, TeJ.

a€A,
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Observe that X C X, C Y, and E(Y,) = M,. By Proposition 3.4, E(Y,) is of
rational type, so M(X) C M(Y;) = M,, I € J, and therefore M(X) C M.

If M(X) = R" then the proof is finished, so assume that K(X) = intNgc zH,
where B C (Z"),, and hence M(X) = {v: VB € B: (v, B) = 0}. We shall show that
(3.12) Bc U 4,.

reJ
Note that (3.12) implies immediately that M C M(X).
Fix B8 € B. By Lemma 3.17 there exists an I = (iy,...,i,) € J such that

X, C Hy= {x: (x—x#,B)<0}.
Hence B € E(Hp)*C E(X;)*=Ra" + --- +Ra” and therefore B = Aa"
+ -+ 4+A,a, where A:= (A},..., A,) € (R),. It remains to show that A € (R,)".
Let L: R" —» R’ be given by the formula
L(x)=((x,a’1>,...,<x,ai'>), x € R".
Observe that

L(Xl) = {§= (517---»5)6 Rr: £k<<xl,ai">,k= 1,...,r}

and
L(HB) = {g: <£ - L(x’g),}\> < 0}.
The inclusion L(X;)C L(H,) implies that A € (R,)" which gives the required
result.
ExaMPLE 3.19. Let
a+1

a+1 a+2 3

: |Z3| < l}’
where a € R_,\ Q. Put o= (a,a + 1,0), a*:= (a + 1,a + 2,1). Clearly
rank[a!, @*] = 2. One can easily prove that

2> n(R,a! + R a?) = {0}.

Hence, by Proposition 3.18, K(logG) = R® and therefore H*(G) = C.
ExaMpPLE 3.20. Let

o
G={(z1.22.2) € C: |2y |zl < 1|5 |z

1-a 1—a,
I

G:= {(21,22»23) € Ch |21|ml '|22|a2 'lz3[a3 <1,[z]

|1_“’ < 1},
where 0 < a, a,, a3 < 1, 0 # a,, (&) — a3)/(a; — @,) & Q. Put o' := (ay, a,, a3),
a’:= (1 - a;,1 — a,,1 — a;). Note that rank[e, a’] = 2. It can be easily verified
that

'|22 Z3

Z°N(R,a' + R,a?) =12Z,-(1,1,1).

Hence M(logG) = {v: v, + v, + v; = 0} (Proposition 3.18) and therefore
K(logG) = {x: x, + x, + x5 < 0}. By Theorems 3.13 and 3.14 we have H*(G) =
H>*(D).

Now we pass to the characterization of the space of square integrable holomorphic
functions.
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THEOREM 3.21. Let G ¢ C" be a fat n-circled domain of holomorphy. Then the
following conditions are equivalent:

() L}(G) # {0}

(i) E(logG) = {0};

(ii)) G € LZ;

(iv) for every a=(ay,...,a,) & G with a, --- a,# 0, there exist sequences
()it CRLg, (v(p)io, € Z" (v(p) E(Z,)", p €N, provided that G is bal-
anced) such that

”cpz”“”HLz(G) <1, p>1, ulirilwcula"‘”w = +00.

PROOF. The proof of (i) = (i) is as in [7, Theorem 3]. It is clear that (iv) = (iii) =
(i). It remains to prove that (ii) = (iv). Fix a, p and let X:= logG, x°:= loga. Note
that x° & X. Let o',..., a" be as in Proposition 3.4(iii) (» = n). Note that o}, ..., a"
€ (Z.)" provided G is balanced. Let 4 := [af] jk=1.....n- Without loss of generality
we assume that |det A| > p’7"|a, --- a,|% Set v(p):=a' + --- +a" — 1, where
1:= (1,...,1) € N". Now, one can prove (cf. the proof of Theorem 3 in [7]) that

127 % 126 < w2 det 4] || < %Ia"“"l.
Let ¢, := p|a™"*)|. Then

v(p)
X

)| =
e S 1 oand ¢la"®|=p.

REMARK. One may ask for a characterization of those balanced domains of
holomorphy G for which L(G) # {0} or, even more, such that G € L7 —cf. §5 in
[15].

Appendix.
ProOOF OF LEMMA 3.17. Because the result is clear for n = 1, let us assume that it is
true in R, ... ,R" ! Without loss of generality we assume that N > 2 and, for
k=1,....,N,N, . X, ¢ X,. Now, it suffices to prove that r = N.
Step1: r < n.
By an orthogonal transformation of the coordinates we can assume that
o/ = (a’/,0) e R" x {0}, O0<j<N.
The set X, N (R"X {0}) can be identified with an open halfspace X’J in R’,
j=0,..., N. Itis clear that
N
r=rank(&,....a"%), @+ X cX,
j=1 J
J

D=

X ¢ X,.
-k
Therefore one gets r = N.
Step 2: r = n.
Without loss of generality we assume X,:= {x € R" x, < 0}. Let &/ = (&, «,
€ R"" !X R, j=1,..., N. By our assumption we have & # O for j =1,..., N.
Let X,:=93X,N (R"\ Xy) and X,;:=03X,nX, j=1...,N—1 Then X,
j=0,....,N —1, can be regarded as open halfspaces in R""' with a" 1L X,
&-’_Lf(/forj=l ..... N—land@aéﬂf’;l‘f(jcf(o.
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Let 7:= rank(&!,...,&"!); then, by induction, there exist 1 <i; < -+ <i; <
N —1 such that X, n--- NX, ¢ X;; hence X, N --- NX, N Xy C X, and so
N =F+1.Since 7 < n — 1 =r — 1wehave r = N. This completes the proof.

We like to mention that the idea of Step 2 is due to P. Jakobczak.

PrOOF OF LEMMA 2.17. It is known that there exists a unitary isomorphism T
C”" — C" such that the projection T(R™'(0)) > (w’,w,) = w’ € C""! is proper (cf.
(16]).

Put G = T(G), = ¢ o(TYz), R = RoTL. Observe that 85 T = §, then

8| RIp <[|84 - R - 9], =:c onG.

In view of [16, Lemma 1] the polynomial R has the form

R(w',w,) = X R (w)w, ™,
i=0

X
<

where » < d and R, = const # 0.
Fix w = (w’,w,) € G and define
B={zeC:(w,z)€G}, u(z)=¢(w,z), z€B,
S(z)=R(w,z), zeC
(S is a complex polynomial of degree » of the form Roz" + 8277+ - +8),
8(z) =8s(w',z), zeC.

Clearly 6#|S|u < ¢ on B, so the proof reduces to the proof of the following

LEMMA. Let B be an open set in C, let u: B — R be a subharmonic function, let
S(z)=Spz"+ - +S,_1z+S,, S # 0, and let §: C — [0,1] be such that § < b,
{6 >0} =B,1|8(z)-8(z)| < |z~ 2} 2, 27 € C. Assume that 6*|S|u < c. Then

8**"u < (e/IS)e(p, ),
where c(p, v):= [2(p + v + 1)1 + 1/(p + v))* 7"

PrROOF OF LEMMA. The idea of the proof is taken from [6]. Suppose that
S(z)=Sy(z —z))" ---(z — z,)”, where »|,..., 7, €N, »; + --- +p,=» and z
# z;for i # j. Let

d(z):= min{|z—zj|:j=l,...,r}, z€C.

Then

(D) 1S(2)] > 1Selld(2))", z € C.

Fix 0 < 6 < } and define

U={zeC:d(z)<0-8(z)}.

Obviously U, € top C and S7'(0) N B C U,. Observe that in view of (1)

(2) 8#77(29)u(z2o) < €077 /|Sy), if 2o € G\ U
Similarly as in Narasimhan’s proof one can obtain

3 U € G;

(4) for every connected component U of U, and for every z, € U, w, € oU:
(1 = 26)8(z,) < 8(wp).
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Fix z, € U, and let U denote the connected component of U, containing z,. In
view of (3), U € B, so by the maximum principle for subharmonic functions there
exists a point wy € dU such that u(w,) = max{u(z): z € U}. Consequently, in
view of (2) and (4), we get

84(z4) - u(zy) < /18] [(1 - 20)#+V0]_V~
Finally,
8 u < (c/|So])[sup{(1 = 260)"""8:0 <8 <1/2}]" = (¢/|S,|) ep,v).

Hence, Lemma 2.17 is proved.
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